Citation for published version (APA): Tafreshi, A. (2011). Simulation of crack propagation in anisotropic structures using the boundary element shape sensitivities and optimisation techniques. Engineering Analysis with Boundary Elements, 35(8),[984][985][986][987][988][989][990][991][992][993][994][995] Using the boundary element shape sensitivities of multi-region domains coupled with an optimization algorithm and an automatic mesh generator, the crack kink angle and propagation path in anisotropic elastic solids are predicted. The maximum strain energy release rate criterion, best suited for the composite structures, has been employed. In contrast to the J-integral method, which would require the computation of stresses and strains at a series of internal points, here by direct differentiation of the structural response the strain energy release rates at the existing crack tip and new cracks for the period of crack growth are determined. The length of each kinked crack is treated as the shape design variable. The shape variable is then associated with the coordinates of a series of boundary nodes located on the new crack surface. Thus, the relevant velocity terms are applied together in the sensitivity analysis with respect to that variable to determine the energy release rate, which is the derivative of the total strain energy with respect to the crack length extension. Wherever possible the results are compared with the existing experimental, analytical and/or numerical results reported in the literature, in which good agreement is observed. It is shown that the present method is computationally more accurate and efficient. Two example problems with different anisotropic material properties are presented to validate the applications of this formulation. The results show that material anisotropy has a profound influence on the crack propagation of composites.
However, the BEM, being a boundary-oriented technique, can overcome a number of the difficulties associated with its main rival, the FEM. Early contribution to the development of the Boundary Element Method (BEM) for cracked anisotropic plates belongs to Snyder and Cruse [1] .
The mixed-mode crack problems in two-dimensional linear elasticity can be characterized by a pair of stress intensity factors (SIF's). For isotropic materials, SIFs have been used to predict fatigue crack growth and fracture. Generally, the most popular method to determine the SIFs of a cracked body is the J-integral method [2] . The J-integral is path-independent for all integral paths surrounding the crack tip. Using this method requires the computation of stresses and strains at a series of internal points around the crack, for evaluation of the pathindependent integrals, which is obviously time consuming.
For elastic problems the J 1 -integral is the energy release rate per unit extension of the crack.
In conjunction with the Finite Element Method (FEM) or BEM, it is possible to use the shape sensitivity analysis to directly evaluate the sensitivities of the total strain energy where the crack length is being treated as the shape variable.
In a recent study by the author [3] the application of the boundary element shape sensitivity for the analysis of two dimensional anisotropic bodies with cracks of arbitrary shapes was presented. The design sensitivity analysis of multi-region domains with anisotropic material properties was carried out by direct differentiation of the structural response. The length of the crack of an arbitrary shape was treated as the shape variable. The shape variable was then associated with the coordinates of a series of boundary nodes located on the crack surfaces.
Thus, the relevant velocity terms were applied together in the sensitivity analysis with respect to that variable to determine the derivatives of displacements, stresses and the elastic compliance of the structure with respect to the crack extension. Following the calculation of strain energy release rate (SERR) or the rate of energy released per unit of crack extension using the boundary element shape sensitivities, and using the related material property parameters of a composite material, the SIFs in pure or mixed mode I-II loading conditions were determined. The results showed the advantage of using the boundary element shape sensitivities in fracture mechanics over the J-integral method, both in terms of the computational modeling and numerical accuracy. It was also shown that although the SIF is of fundamental importance in the prediction of brittle failure using linear elastic fracture mechanics, the direct evaluation of the SERR would easily characterize the crack instability of a loaded laminated composite for different fibre orientations. For the cases studied, although there was a small variation in the normalized SIFs with respect to the fibre angle, the variation of the SERR with respect to the fibre orientation was more apparent.
In another study on instability analysis of delaminated composite cylindrical shells subject to axial compression, external pressure and bending, either applied individually or in combination [4] [5] [6] , it was also shown that the SERR was more convenient to use for the prediction of crack growth and fracture of delaminated composite structures. This paper continues the previous work of the author [3] and presents the application of the boundary element shape sensitivities and optimization techniques for the prediction of the crack kink angle and propagation path of two dimensional anisotropic bodies with cracks of arbitrary shapes.
It is well known that the crack kink direction mainly depends on the crack tip conditions. Various fracture criteria [7] have been established to determine the crack kink angle at which a pre-existing crack will propagate in an isotropic material. The most popular methods are the maximum tangential stress criterion (MTS) [8] , the minimum strain energy density criterion (S-criterion) [9] [10] and the maximum energy release rate criterion (Max. SERR) [11] [12] . It should be noted that the T-criterion [13] [14] is suitable for ductile fractures where the Mises elastic-plastic boundary is used near the crack tip.
Obviously, the fracture behaviour of anisotropic materials under mixed mode loading cannot be predicted by the same criteria that are developed for the isotropic materials and, therefore, when using the MTS and S-criterion some modifications must be made to include the effects of anisotropy [15] [16] [17] [18] [19] [20] [21] . This paper shows the advantage of using the boundary element shape sensitivities for prediction of the crack growth over other existing methods, both in terms of the computational modelling and numerical accuracy. The maximum SERR criterion which is well suited for both composite and isotropic structures has been employed. Two example problems with anisotropic material properties are presented to validate the applications of this formulation. Wherever possible the results have been compared with the corresponding experimental and analytical results reported in the literature, in which good agreement are observed. It should be noted that most existing methods, for the prediction of crack growth in fibre-reinforced composites rely on calculating the SIFs during the incremental process.
However, in Ref. [3] it was shown that in comparison with the SERR, SIFs are less sensitive to the fibre angle. 
Nomenclature

Prediction of the crack kink angle and propagation path
The SIF is of fundamental importance in the prediction of brittle failure using linear elastic fracture mechanics (LEFM). It is a function of both the cracked geometry and the associated loading. K I and K II are the Mode I and Mode II SIFs, respectively. They characterise the stress fields in the vicinity of the crack tip with respect to a local Cartesian(x * 1 -x * 2 ) system which has its origin at the tip of the crack (point B) and is oriented with the angle of with respect to the global Cartesian system(x 1 -x 2 ), as shown in Fig.1 . If the length of the crack (AB) of arbitrary shape is treated as the shape variable, this shape variable can then be associated with the coordinates of a series of boundary nodes located on the crack surfaces.
Thus, the relevant velocity terms are applied together in the sensitivity analysis with respect to that variable to determine the derivatives of displacements, stresses and the elastic compliance of the structure with respect to the crack length extension [3] . The derivative of the elastic compliance is equivalent to the SERR per unit of crack extension or J 1 integral.
Following the calculation of the SERR, and the related material property parameters of a composite material, the SIFs of the structure in single or mixed mode loading conditions can be determined [3] . Obviously, the application of the boundary element shape sensitivities in crack analysis over the J-integral method is computationally more efficient and accurate.
For a two-dimensional plane stress or plane strain problem subject to mixed mode loading, a crack grows in a non-collinear fashion where the direction of crack extension makes an angle with respect to the existing crack line. This angle is called the crack kink angle or crack initiation angle, designated  0 in this study. Fig. 2a shows a two-dimensional domain with a side crack of arbitrary shape with the length (a). Assuming the crack is extended along BD, an imaginary boundary along which an incremental crack extension ( a ) is assumed to occur. This is due to the fact that crack kinking induces a geometric discontinuity at the crack tip. Clearly, the SERR at the tip of the parent crack (B) and the tip of the new kinked crack(C) are different. Now, if the length of the new crack (BC) is treated as the shape variable, similar to the method explained above, the SERR with respect to the crack extension at point C can be determined.
Based on the Max. SERR criterion, the crack will grow in such a direction ( 0 ) for which the SERR has a maximum value, which means that at the onset of crack kinking tip .
Therefore, the prediction of the crack kink angle can be treated as the minimization of the constrained function of one variable, where the objective function (F) and the design variable(X) are the SERR (J 1 ) and the crack kink angle( 0 ), respectively. Since at the onset of crack growth the SERR is maximum, the negative value of the SERR will be considered as the objective function. The limits on the variable and the fixed outer boundary can be treated as the geometrical constrains. Several methods are available for numerically solving the onedimensional constrained minimization problem. These can be classified as interpolation and elimination methods [22] .
The interpolation procedure involves the evaluation of the objective function at several points and fitting a polynomial to those known points. The minimum of this polynomial is a good estimate to the minimum of the objective function. The advantage of this method is that it requires a few function evaluations. However, for highly nonlinear functions the approximation may be quite poor and cannot be used for discontinuous functions.
The elimination methods can be used for the minimization of even discontinuous functions.
This assumes the function is unimodal, so there is no need for continuous derivatives. A unimodal function has only one peak in a given interval. If a function is unimodal in a given range, the interval in which the minimum lies can be narrowed down. The most efficient form of the elimination method is the Golden Section Method (GSM) [22] which has been employed in this study. This method has a good rate of convergence and is very reliable for poorly conditioned problems. In this method it is assumed that lower and upper bounds on the design variable (X) are X L and X U , respectively, and their function values F L and F U are known. During the process, the initial interval of uncertainty (X U -X L ) reduces to a fraction () of the initial interval. If X 1 and X 2 are two intermediate points with the function values of F 1 and F 2 , respectively, such that X 1 <X 2 , then the interval of uncertainty is reduced in each iteration by the equation, 
where =0.38197 is a predefined factor in GSM. During the iterative process, if F 1 >F 2 , X L is replaced by X 1 and X 1 is replaced by X 2 , then X 2 is calculated by equation (2) . if F 1 <F 2 , X U is replaced by X 2 and X 2 is replaced by X 1 , then X 1 is updated by equation (1).
If there are constrains, then the design may be initially feasible or infeasible. Either way, an arbitrary initial step is estimated by using the slope of the function, next the bounds on the solution should be found and then reduced using GSM. Finally, the last four function values (X L ,X 1 ,X 2 ,X U ) can be interpolated with a cubic polynomial approximation or they may be compared and the best approximate value can be picked. Clearly crack instability is associated with the stationary value of the total energy. Beyond this point, the energy released during an incremental crack extension exceeds the energy required to create new crack surfaces. Therefore, at the onset of the crack growth,
where G crit is the critical SERR. During the iterative process, it is assumed that the applied external forces are large enough so that the fracture criterion, equation (3), holds and the size of the crack extension i a during each increment is kept constant. It should be noted that the algorithm is capable of changing these factors during the optimization process. -An analysis of the stresses and displacements for a given cracked structure using the BEM.
-Sensitivity analysis corresponding to possible changes to the crack geometry using the BEM.
-Numerical optimization to predict the crack growth direction using the GSM.
-Automatic regeneration of the boundary element mesh.
The following reviews the stress analysis and sensitivity analysis for a cracked structure using the BEM and also application of the proposed algorithm to investigate the effect of material anisotropy on the crack propagation of composites.
Review of the boundary element method for anisotropic elasticity
The BEM is based on the unit load solutions in an infinite body, known as the fundamental solutions, used with the reciprocal work theorem and appropriate limit operations. The Boundary Integral Equation (BIE) of the anisotropic materials is an integral constraint equation relating boundary tractions (t j ) and boundary displacements (u j ) and it may be written as [23]  
P( 1 , 2 ) and Q(x 1 ,x 2 ) are the field and load points, respectively. U jk (P,Q) and T jk (P,Q) are the fundamental solutions that represent the displacements and tractions, respectively, in the x k direction at Q because of a unit load in the x j direction at P in an infinite body. The constant term C jk depends on the local geometry of the boundary at P and is equal to jk  2 1 for a smooth boundary, where  jk is the Kronecker delta. The load point P and the field point Q are defined on the complex plane as 
The coefficients a jk are the elastic compliance of the material. For especially orthotropic materials, a 16 =a 26 =a 63 =0. [25] .
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where n j are the unit outward normal components at Q with respect to the x 1 -x 2 
An elastic body with several cracks may be divided into several sub-regions where the crack faces coincide with the boundaries of the sub-regions. The multi-region modeling approach was first exploited for crack modeling by Blandford et al [26] where BIE (Equation 4) is employed individually for each sub-region(L) in turn.
The boundary-element implementation of equation (10) entails boundary discretization.
Quadratic isoparametric elements can be employed for the analyses. Substitution of these isoparametric representations into equation (10) will result in a set of linear algebraic equations for the unknown displacements and tractions at the nodes on the boundary of the solution domain [27] [28] [29] .
Then, appropriate continuity and equilibrium conditions are applied at the common subregion interface before the linear algebraic equations are solved. For example, for two subregions, R a and R b , respectively,
Sensitivities of the structural response for a multi-region domain and strain energy release rate
In Ref. [3] the crack length of arbitrary geometric shape was selected as the shape design variable. Then, the shape variable was associated with the coordinates of a series of boundary nodes located on the crack surface. Thus, the relevant velocity terms were applied together in the sensitivity analysis with respect to that variable to determine the gradients of the elastic compliance or the SERR with respect to the crack length extension.
The following shows how the sensitivities of displacements, stresses and elastic compliance with respect to the boundary point coordinates for a multi-region domain were calculated.
Direct differentiation of the BIE for each sub-region with respect to a design variable, x h (h=1,2) (which is most likely to be the coordinate of a node on the crack surface) results in the following equation [3] :
The derivatives of the terms that only depend on the geometry will be carried out similar to the isotropic materials [28] . The derivatives of the kernels for anisotropic materials will be as follows [29] : 
Thus, the design sensitivity analysis is carried out by direct differentiation of the structural response with respect to design variables. Following the calculation of displacement gradients, the derivatives of stresses can be obtained.
The elastic compliance is evaluated as the strain energy of the structure
The derivatives of the elastic compliance, with respect to the boundary point coordinate, x h , can also be calculated analytically as follows:
Ref. [30] presents the novel application of the boundary element method (BEM) to the optimum shape design of composite structures. The sensitivities of the elastic compliance coupled with the feasible direction method, as the optimization algorithm, and an automatic mesh generator were employed for the shape optimization of anisotropic structures for the highest stiffness. The constraints were upon stresses, weight and geometry of the structure.
The effect of engineering constants on the optimum shape of composite structures was studied. There are hardly any other publications available on the shape optimisation of composite structures.
For a cracked structure, when the boundary points on the crack surfaces are treated as the design variables, the rate of energy released per unit of crack extension along the x * 1 axis is the same as the derivative of the elastic compliance of the structure or J 1 integral.
The J-integral method was first developed by Rice [2] to characterize fracture for two dimensional configurations modeled by a linear or nonlinear elastic material. For such a material of unit thickness containing a traction free crack, the J k integral is defined as
where j,k=1,2, W is the strain energy density, S is a generic contour surrounding the crack tip, t i=  ij n i are the traction components defined along the contour and n i are the components of the unit outward normal to the contour path. Using the J-integral method, a circular path may be generated with the centre at the crack tip, defining the number of internal points to be computed, beginning on one crack face and finishing on the other. With the numerical integration of equation (17) , J 1 can then be determined.
In contrast to the J-integral method which would require the computation of stresses and strains at a series of internal points around the crack for evaluation of the path-independent integrals, here the SERR or J 1 integral is evaluated by direct differentiation of the structural response for a multi-region domain.
It should be mentioned that for the prediction of a crack propagation path, the SERRs at the existing crack tip and new cracks must be evaluated. Therefore, compared to the J-integral method, not only is the accuracy of the present method very high, but in terms of computational modeling and analysis, it is much more efficient.
Results and discussuion
The method presented here has been applied to two mixed mode crack problems with different material properties. The engineering constants of the selected materials for the analysis are shown in Table 1 It should be noted that every component is being treated as a lamina that has four engineering constants, E 1 , E 2 , G 12 and  12 with a lamina orientation angle of zero. When the fibre orientation is greater than zero the equivalent engineering constants are determined and subsequently used in the analysis. Here, an isotropic material is assumed as if it is anisotropic
]. In each case the meshes were refined to assure the convergence of the solution. The results include the crack kink angle and/or the crack propagation path of a rectangular plate having a central slant crack or a curve crack subject to tension. Different material properties, crack inclination angles or arc angles are studied. The main objective has been to investigate the accuracy of the present method and also to investigate the effect of material anisotropy on the crack kink angle and propagation path using the boundary element shape sensitivities coupled with an optimization algorithm. where various theories differ. In their analytical approach, Williams and Ewing modified the MTS theory of Erdogan and Sih [8] , taking account of terms in the series expansion as well as the singular term, as discussed by Cotterell [33] . Williams and Ewing [32] reported that at =90° the crack kink angle tends to be -90.0° and not -70.5° as predicted by Erdogan and Sih [8] .
Later, Sih proposed the S-criterion. Based on this criterion, a crack grows in the direction of minimum strain energy density or when the SIF reaches a critical value. The strain energy density in the vicinity of the crack tip ( Fig. 1) for an isotropic material is given by [9]   erms) singular t ( 2 1 2 33
where b ij (i,j=1,2) depends on the material properties and the polar angle  [9] . Therefore, the strain energy density function has a (1/r) singularity at the crack tip. Hence, he proposed that the expression      2  33   2  22  12   2  11   2   III  II  II  I  I 
represents the intensity of the strain energy density field in the vicinity of the crack tip. Based on this theory, the stationary values of θ 0 are related to the crack angle β by the following equation [9] , (20) where β is the direction of the crack surface with respect to the y-axis,
. It should be noted noted that K III is equal to zero for mixed mode I-II loading.
Here, the crack kink angle of a central slant crack of length a/w=0.4 in a rectangular steel plate of height to width ratio of h/w=2 subjected to tension () is determined. The crack is inclined with the angle of =45° with respect to the x axis. This plate was also analysed in ABAQUS benchmarks manual [34] . In Abaqus/Standard they provide three criteria for only homogeneous, isotropic linear elastic materials: the MTS criterion, the Max. SERR criterion, and the K II =0 criterion [35] , which implies that at the crack tip K II is zero as the crack extends.
ABAQUS results using the J-integral method and based on the above three criteria are shown in Table 2 . This table also shows the present results when the objective function is the Max. SERR or MTS, respectively, where good agreement can be observed.
This case study is used to verify the accuracy of the optimization algorithm. Since the crack kink angle is the only variable, a series of analyses have been performed by just changing the crack kink angle or polar angle( 0 ), between 0 and -90 degrees, with w a 007 . 0  , and keeping the other geometrical constraints fixed. For each geometry, the derivative of the elastic compliance with respect to the crack extension at the tip of the new crack has been computed. Fig. 6 shows the variation of the SERR with respect to the crack kink angle (-θ 0 ) when =45°. It can be observed that the objective function SERR is unimodal and has a stationary condition when θ 0 is between -50 and -60 degrees. The corresponding result obtained using the GSM is -54.31° which is shown in the square brackets in the legend section of Fig. 6 . and (-38.74°), respectively, which agree very well with the corresponding stationary points for  0 shown on the graph. It can also be observed that for the three crack inclination angles, the angle of each new crack with respect to the x-axis is varying between (-8°) and (-9°).
Therefore, the crack surface almost branches normal to the applied load direction. Next, the present method is used to simulate crack propagation path in a rectangular titanium plate (Material No. 2) with a central slant crack subject to tension and comparing the results with the corresponding experimental results reported in Ref. [36] . In Ref. [36] two centre crack specimens were tested, designated CGS-04 and CGS-05, having crack angles of =47° and 60°, respectively. Each specimen was cycled to final fracture at a constant load range, and the position (x and y) of the crack tip was measured between load intervals at both sides of the initial slot. The crack paths, represented at a series of straight line increments for the period of crack growth in which the crack surface remained normal to the thickness of the specimen were sketched. Using their published crack growth data, their experimental crack propagation path for the right side of the crack specimen CGS-04(=47°) is plotted on Fig. 8, where a/w=0.176 and h/w=4. Fig.8 also shows the results of the current study after 20 increments, where excellent agreement can be observed. The present crack growth data including the angle of each crack surface with respect to the x-axis and the previous crack surface, respectively, with the incremental crack extension of a =0.007w are shown in Table   3 . As shown, the initial crack kink angle predicted by the current study is -56.12°, while -54.0° was the experimental result reported in Ref. [36] .
Next, the effect of material anisotropy on the crack kink angle and growth path of a plate with the central slant crack was examined. For the sake of comparison, the steel plate which was studied earlier [a/w=0.4 and h/w=2] but with graphite-epoxy material property (material No.
3) was analysed. Here, the results of two different fibre orientation angles are presented, 45° were tested. A series of analyses were performed by just changing the crack kink angle between 0 and -90 degrees. For each geometry, the derivative of the elastic compliance with respect to the crack extension at the tip of the new crack or SERR was computed. Fig. 9 shows the variation of the SERR with respect to the crack kink angle (θ 0 ) for the crack inclination angles of 15°, 30° and 45°, respectively. Therefore, either the fibres were placed along the load direction   , the kink angles were -50.60°, -33.65°, -15.99°, while for   0  , the kink angles were -58.88°, -39.88° and -26.24°, respectively. Similar results were obtained for the intermediate values of between 0 and 90, but for the sake of brevity these are not presented here. However, for each fibre angle, the trend of variation of SERR vs ( 0 ) was similar to the curves shown in Fig. 9 . Fig. 10 shows the variation of the crack kink angle( 0 ) vs crack inclination angle() of the graphite-epoxy plate, for =0. and 90°, respectively. For the sake of comparison, the results of the steel plate, based on the Max. SERR criterion, which were presented in Fig. 7 , are also included in Fig. 10 . It can be observed that the trends of variation of ( 0 ) vs () for steel and the graphite-epoxy (when =90.) plates are similar, but the predicted kink angles for the steel plate are positioned between the corresponding values for the graphite-epoxy plate when =0. Next, the effect of fibre orientation angle () on the crack kink angle( 0 ) of the above graphite-epoxy plate for the crack inclination angle of =45 °was examined. Fig. 11 shows the change of (- 0 ) with respect to the fibre angle). It can be seen that the overall change of ( 0 ) is about 8 degrees, from -58.88° to -50.60°, when  is changing from 0 to 90 degrees.
It can be observed that for 0°<<20° there is a small drop of ( 0 ) and for 20°<<50°, ( 0 ) is almost independent of the fibre angle. Finally, ( 0 ) has a sharp drop when >50°. This may be because when the fibre angle is less that the crack angle, the variation ( 0 ) vs is almost negligible. This would require further investigation. The parameter     varies from 0.1 to 4.5. Fig. 12 shows the crack kink angle( 0 ) vs crack inclination angle () of the plate, for and 4.5, respectively. The results of the steel plate which were presented in Fig. 7 , are also included in Fig. 12 . It can be observed that for when E 2 >>E 1 , the trend of variation is almost the same as the graphite-epoxy having fibres along the load direction (Fig.10 ). In Fig. 12 the curve of =4.5 is located beneath the steel curve, indicating that when E 1 >>E 2 the kink angles are slightly higher than the corresponding values of the steel plate. Next, the crack propagation paths of the steel and graphite-epoxy plates are compared. The analysis was performed for a crack inclination angle of 45° with the crack extension increment a =0.007w. The analysis was performed in 25 increments. Fig. 14 shows the propagation path for the right side of the crack of each plate. It can be seen that the crack growth of the steel plate is almost identical to the Titanium plate which was studied earlier (Fig. 8 ). The crack growth path of the graphite epoxy plate when =0. was nearly parallel to the fibre direction and almost normal to the direction of the applied load. However, for the graphite-epoxy plate when =90°, after a few increments the crack growth path was gradually deflected towards the fibre direction. The deformed shape of the plate, scaled up by a factor of 9, is also shown in Fig. 14. Although, for the graphite-epoxy plate when =0., initially the branching angle was slightly higher than the corresponding value when =90, the crack grew parallel to the stiffer material direction. It was observed that for=90, the parent crack was gradually turning towards the fibres which were parallel to the direction of the applied load.
Similar results for the crack inclination angle of =30 are shown in Fig. 15 , where similar trends of variations can be seen.
In order to apply the current method for the curved crack geometries, the problem of a circular arc crack with the semi-angle of β in a rectangular plate (h/w=2, r/w=0.4) subject to tension is analysed, as shown in Fig. 5 . First, it is assumed that the material of the plate is isotropic, such as steel (material No.1). Fig.16 shows the variation of the crack kink angle( 0 ) vs crack semi-angle () based on the MSERR and MTAS criteria. The results show that for small crack semi-angles (β<15°) both theories give almost identical results. However, when (β>15°), the MTS theory predicts slightly higher branching angles with respect to the Max. SERR theory. It can also be seen that the crack kink angle has almost a linear variation with respect to the crack semi-angle when calculated based on the Max. SERR theory. Fig. 17 shows similar results obtained for the same plate with material numbers 3, 4, 5, and 5b
respectively, based on the Max. SERR criterion. The results for the steel plate have also been included in Fig. 17 . For the graphite-epoxy material, the fibre angles of =0° and =90° are considered while for material No. 4 the parameter  is selected to be 0.1 and 4.5, respectively.
The elastic constants of materials 5 and 5b are identical, except the shear moduli which are 55.6GPa and 20GPa, respectively. Fig. 17 shows that the effect of material anisotropy on the crack kink angles of curve cracks is less apparent. However, by comparing the results of materials 5 and 5b, it can be observed that in this case the shear modulus has a great effect on the crack kink angle. Fig. 18 . The deformed shape of the plate, scaled up by a factor of 9, is also shown on Fig. 18 .
It should be noted that Ref. [37] is a recent article in which the prediction of the crack kinking angle in brittle, isotropic and homogeneous materials is discussed.
Early application of the BEM involving interactions of multiple cracks and rigid lines representing fibres dates back to 1990s [38] [39] [40] [41] . The modelling of crack and fibre interactions is essential for a comprehensive model of damage in composites. However, the present study focuses on the crack growth of a lamina at the macro scale where the equivalent engineering constants are used for the analysis. At present, the most common method used in industry for the crack analysis is the J-Integral in-conjunction with the FEM. The application of the Jintegral with the BEM will reduce the time of modelling and analysis but would still require the calculation of stresses and strains at a series of internal points around the crack for evaluation of the path-independent integrals. Using the boundary element shape sensitivities with the design variables which represent the crack surfaces, the computational efficiency will be greatly improved.
It should be mentioned that the Virtual Crack Closure Technique (VCCT) is widely used for computing SERR. It was originally proposed by Rybicki and Kannien [42] for 2D crack problems and was then extended to 3D by Shivakumar et al [43] . In Refs. [5] [6] the VCCT with FEM was used by the author to calculate SERR for delaminated composite cylindrical shells in which the direction of crack growth was already available.
The novelty of the present work lies in the coupling of an optimization technique with crack shape sensitivity analysis for the prediction of crack growth, using the BEM.
Conclusion
Following a brief review of the mathematical basis of the BIE method for multi-region domains, analytical differentiation of the BIE with respect to the positions of the boundary nodes was discussed. It was shown how the length of a crack of arbitrary shape can be treated as the shape design variable and using the boundary element shape sensitivities the J 1 -integral or SERR for two-dimensional anisotropic elastic solids can be determined. The prediction of the crack kink angle and propagation path using the boundary element shape sensitivities coupled with an optimization algorithm and an automatic mesh generator was explained in detail. The accuracy and efficiency of the method in calculating the Max. SERR at the tip of the existing crack and the new cracks during the period of crack growth was demonstrated.
The results show that although the SIF is of fundamental importance in the prediction of brittle failure using linear elastic fracture mechanics, for composite laminates, the direct evaluation of the SERR would easily characterise their crack instability and propagation path.
In contrast to the J-integral method which would require the computation of stresses and strains at a series of internal points around the crack for evaluation of the path-independent Therefore, for the same number of elements, not only is the accuracy of the present method very high, but in terms of computational modelling and analysis, it is much more efficient.
The optimization algorithm was validated using the test cases with known analytical and or experimental solutions. Two example problems with various crack orientation angles having five different material properties are analysed. The isotropic materials were treated as if they were anisotropic. It was shown that for materials that have a plane with a lower stiffness than other planes, crack may be deflected towards such weak plane or depending on the loading condition, a crack may grow parallel to the stiffer material direction.
Here, during the incremental crack growth, it is assumed that the applied loads are large enough so that the fracture criterion holds. On the other hand, for a fibre-reinforced composite the strengths and stiffnesses in the longitudinal and transverse directions of the fibre are not the same. Therefore, by addition of appropriate constraints to the optimization algorithm, to represent the above properties, more accurate and reliable predictions of the crack growth of a composite structure subject to various loading conditions can be made.
Due to the flexibility of the present method, the future studies should cover the crack kink and propagation analysis of multiple curved cracks, and bi-material interface cracks in composites using the boundary element shape sensitivities. 
